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THE CURVATURE PROBLEM FOR FORMAL AND 
INFINITESIMAL DEFORMATIONS 

WENDY LOWEN AND MICHEL VAN DEN BERGH 


Abstract. We interpret all Maurer-Cart an elements in the formal Hochschild 
complex of a small dg category which is cohomologically bounded above in 
terms of torsion Morita deformations. This solves the curvature problem , i.e. 
the phenomenon that such Maurer-Cartan elements naturally parameterize 
curved Aoo -deformations. In the infinitesimal setup, we show how n + 1-th or¬ 
der curved deformations give rise to n-th order uncurved Morita deformations. 

1. Introduction 

Let /c be a field. For flexibility with the Maurer Cartan formalism, we assume that 
k is of characteristic zero. Let Ao = be a dg /c-algebra with Hochschild 

complex C(Aq). It is well known that the shifted Hochschild complex EC(Ho) has 
the structure of a Hoo-algebra, in particular it is a dg Lie algebra [7]. 

Consider 

MC(A 0 ; k[[t]]) = {(j)€ EC(A 0 )[[t]] 1 | [m (0) ,<^] + ^[4>t,4>t] = 0}/ ~, 

the set of elements (f> of shifted degree 1 for which (f>t £ EC (Ao )[[£]] is a solution of 
the Maurer Cartan equation up to gauge equivalence of the elements <j>t. If Ao is 
an ordinary /c-algebra, there is a bijection 

(1) Def a i g (Ao;A#]D = MC(A 0 ;fc[MD 

for the set Def a i g (A 0 ; k[[t}]) of formal algebra deformations of A 0 up to equivalence 
of deformations. Under this bijection, a representative </> = Y^kLo on the 

right hand side corresponds to the formal deformation A = Ao[[i]] endowed with 
the multiplication p, = 0 ) + cj)t on the left hand side. Let us now look at a 
dg /c-algebra Ao- In this case, inspection of the Hochschild complex shows that 
</> £ C 2 (A 0 )[[f]] corresponds to 

(«n>o€ n H om^(A®",A)[[f]] 

n> 0 

wih <j> n = J2Zo ^n k) t k . The corresponding deformed structure n = /i^ 0 ^ + <pt on 
A = Ao [[t]] is naturally a curved Aoo-algebra (cAoo-algebra) structure, with the 
curvature given by 

Mo = <A )t £ (Ao[[t]]) 2 . 

In particular, the differential /ii = + ‘/’A does not square to zero, but instead 

satisfies the identity 

Mi + M 2 (Mo, ~) + M 2 (~> Mo) = 0. 

This places the object (A, m) somewhat outside the classical setup of homological 
algebra, as an object with no cohomology groups, and no classical derived category. 


The author acknowledges the support of the European Union for the ERC grant No 257004- 
HHNcdMir and the support of the Research Foundation Flanders (FWO) under Grant No. 
G.0112.13N.. 

The second author is a director of research at the Fund for Scientific Research, Flanders. 


1 



THE CURVATURE PROBLEM FOR FORMAL AND INFINITESIMAL DEFORMATIONS 2 

We refer to the fact that MC(Ao;fc[[f]]) parameterizes cA^-deformations rather 
than dg or Aoo-deformations as the curvature problem. To solve the curvature 
problem, we try to find an alternative type of deformations, which can be under¬ 
stood within the realm of classical homological algebra and for which we obtain a 
bijection replacing ©• 

To find such a type of deformations, we look at the natural invariance properties 
of the Hochschild complex. Let Aq and B 0 be dg fc-algebras and let M 0 be a 
Morita Ao-Bo-bimodule, that is, a bimodule inducing an equivalence of categories 
- M 0 : D(A 0 ) —► D(B 0 ). In ®, from the bimodule Mo, Keller constructs an 
isomorphism 

(2) T Mo : EC(A 0 ) —► EC (B 0 ) 

in the homotopy category of Boo-algebras. Interestingly, this isomorphism does not 
restrict to the kernels of the respective characteristic curvature projections 

CAo ■ SC(A 0 ) -> EA 0 : </> = (<j>n)n >0 1 -> C A 0 (</>) = <t>0 

and Cbq - In other words, it is possible that (/> G EC(do) has ca 0 {4>) / 0 but Tm 0 (^) 
has CBoiTMoirf 1 )) = 0. This creates the possibility of getting rid of curvature, up to 
changing to a Morita equivalent dg algebra. 

By definition, a formal Morita deformation of Ao consists of dg algebra Bq, 
an A 0 -B 0 -Morita bimodule M 0 , and a formal dg deformation (B = B 0 [[t}],p.) of 
. Using m, we obtain a natural map from formal Morita deformations of 
Ao to MC(Ao; MM])- To make this map injective, for technical reasons we have 
to consider Morita deformations up to torsion Morita equivalence. The relevant 
notion of torsion derived category, which is used in order to ensure the validity of 
a derived version of Nakayama’s Lemma in the formal deformation framework, is 
developed in |2J We thus arrive at an injective map 

(3) 0 : Def t Mor(Ai; *[[*]]) —► MC(A 0 ; k[[t]]) 

replacing ©. Our main result, stated more generally in Theorem 15.41 for small dg 
categories, is the following: 

Theorem 1.1. Let A 0 be a dg k-algebra. Consider <j) = (0 n )n>o £ MC(A 0 ;&[[£]]). 
If <j> q 0) is nilpotent in H*Ao, then <p is in the image o/0. 

Corollary 1.2. Let Ao be a dg k-algebra which is cohomologically bounded above. 
The map 0 is bijective. 

The necessity of the condition in the theorem is shown by the example of the 
graded field due to Keller, which was previously considered in [TO]. For A 0 = 
fc[ai,x _1 ] with deg(ai) = 2, the element <f> = x G MC(A 0 ; fc[[t]]) is shown in H 5.3 1 not 
to be in the image of 0. On the other hand, part (2) of the theorem covers the 
geometric case. More precisely, if X is a quasi-compact quasi-separated scheme, it 
was shown in [2] that the derived category Dq^X) is compactly generated by a 
single perfect complex M, and thus equivalent to the derived category D(A 0 ) of 
Ao = RHom(M, M). The dg algebra A 0 is cohomologically bounded above. 

Our approach to Theorem 1 1.1 1 is based upon the construction of uncurved twisted 
objects over a k [[£]]-linear c^oo-algebra A. In S© we introduce the c^oo-category 
Tw(.A) of twisted objects over A. An object of Tw(A) is a formal expression M = 
®j e /E ni A with m G Z, endowed with a connection 5m £ Hom 1 (M, M ). Here, Horn- 
modules are defined in the obvious way as modules of (limits of) infinite column 
finite matrices with entries in A. The cAoo-structure on Tw(A) is given by 

OO 

embi's(n) = ^ = g + p{5} + p{5, <5} + ... 

n =0 


( 4 ) 
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for the brace algebra structure on the shifted Hochschild object EC(Tw(H)). Here, 
the notation embr^/r) stands for “// embracing 6”. Convergence of (SJ) is under¬ 
stood in a “pointwise f-adic” way, and in order to ensure convergence, we require 
connections to be locally /i -allowable (see Definition 12.811 . This condition is weaker 
than the usual upper triangular condition used in the definition of classical (un¬ 
curved) twisted objects over a dg or Hoc-algebra. 

Let (Ho,/H 0 ') be a strictly unital fc-linear Hoc-algebra, and consider, for 0 £ 
MC(H 0 ; &[[£]]), the cHoo-structures fi = + 0£ on A = H 0 [[£]] and 77 = embr ,*(//) 

on Tw(H) as in Q. We may suppose that /i, and hence also 77 , is strictly unital. 
The curvature of (H, pi) is given by 

(5) pi 0 = /4 0) + <)>o t = fot. 

Our main technical tool is the construction of the following “two-sided cone” in 
Tw(H), associated to the factorization JoJ) of pi 0 . We define A t = H©E _1 H £ Tw(H) 
to be endowed with the connection 



In Propositions 12.2(1113.21 we show that the curvature {i)o)A t of H t vanishes. The 
conditions in Theorem D further ensure that we can make B = Hom(H t , H t ) into 
a Morita deformation of Ho, which is in the pre-image of 0 under 0. The vanishing 
of ( 770 ) A t heavily depends upon regularity of R = k [[£]]. 


Let us now consider the infinitesimal setup R = k[t]/t n+1 . For 0 = ]©fc=o (f>^ k H k £ 
EC(Ho)[£]/£", we consider 0t = 0 0^ fe ^ fc+1 G EC (A 0 )[t\/t n+1 . Put 

MC(H o ;fc[£]/r +1 ) = {0£(EC(Ho)[£]/n 1 I lh { °\ 0£] + \[cft, eft] = 0}/ 


the set of elements 0 of shifted degree 1 for which 0£ £ EC(Ho)[£]/£" +1 is a solution 
of the Maurer Cartan equation up to gauge equivalence of the elements (ft. Let 
DefMor(Ho; k[t\/t n+1 ) be the set of n-th order Morita deformations of H 0 up to 
Morita equivalence. We obtain a map 


e„ : Def M or(H 0 ; k\t]/t n+1 ) — > MC(H 0 ; k[t}/t n+1 ). 


( 6 ) 


It was already noted in [TO] that in general, the analogue of Theorem 11.11 does not 
hold for ©„ (see Example 13.41) . However, in this paper we prove a more refined 
result, stated more generally for dg categories in Theorem 15.61 The theorem essen¬ 
tially says that n + 1-th order curved deformations give rise to n-th order uncurved 
Morita deformations, and explains how the formal object A t defined earlier on in 
fact arises as a limit of infinitesimal objects: 

Theorem 1.3. Let Aq be a dg k-algebra which is cohomologically bounded above. 

( 1 ) The map 0 „ is injective. 

(2) If 0 £ MC(EC(ao)[£]/£ n+1 ) is in the image o/MC(EC(ao)[t]/t n+2 ), then 0 
is in the image of 0 „. 

In other words, if the n-th order cHoo-deformation /r = /0°) + 0t of extends 
to an n + 1-th order deformation fi = + cf>t + (f>( n+1 H n+1 , then the deformation 

/i can be replaced by an n-th order Morita deformation B of Ho- As before, B is 
obtained as B = Hom(H( n ), H( n )) for an object H (rl ) £ Tw(H,/x) for H = A 0 [t]/t n+1 . 
This time, we have to take H( n ) = H © E -1 H with 
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whose curvature vanishes by Proposition 13.51 Consequently, the twisted object A t 
which is constructed in the formal setup can be interpreted as a f-adic limit of the 
objects A( n ), and similarly for the corresponding (torsion) Morita deformations. 

Finally, let us comment upon the relation with other work. Although the goal 
in this paper is independent of the question as to the definition of suitable alterna¬ 
tive “derived categories” in various contexts, our work is indirectly related to this 
question. The torsion derived category which we use in (J3] seems closely related to 
the derived category of a formal deformation of an algebroid stack over a smooth 
complex algebraic variety, which is considered and proven to be compactly gener¬ 
ated by Petit in jl4j . Futher, for a fc[[t]]-linear cAoo-algebra A as before, one may 
expect that a good alternative derived category should be such that the object A t 
we construct constitutes a compact generator of this category. This seems to be 
in accordance with the work of Positselski in nn, although details remain to be 
elucidated. Eventually, we expect our setup to be naturally part of a richer picture 
including a suitable version of MGM duality [Ij, [8], 12], 13|, [T7] , 151 . [9 . 

Throughout the paper, little attention is given to the signs in formulas. Picking 
a consistent sign convention and viewing elements as living in appropriate shifts of 
complexes like the Hochschild complex, the reader will be able to make the signs 
more precise where necessary (see for instance [13] §2.1]). 

Acknowledgement. The authors are grateful to Anthony Blanc, Jim Stasheff and 
Amnon Yekutieli for their interesting comments and help with references and typo’s 
based upon a previous version of the paper. 

2. Curved Aqo-categories and twisted objects 

Let R be a commutative ground ring, endowed with an ideal T C R and the 
corresponding T-adic topology. In this section, we introduce a certain construction 
of uncurved twisted objects over an i?-linear cAoo-category a. In H2.ll we introduce 
the cAoo-category Tw(a) of twisted objects over a. An object of Tw(a) is a formal 
expression M = ©j g /£ ni Ab with Ai £ a and n„; £ Z, endowed with a connection 
8m £ Horn 1 (M, M). Here, Horn-modules are defined in the obvious way as modules 
of (T-adic limits of) infinite column finite matrices. The cAoo-structure on Tw(a) 
is given by 

OO 

(7) embr s (n) = ^ l L {S® n } = l L + mW + v{8, 5} + ... 

n —0 

for the brace algebra structure on the shifted Hochschild object £C(Tw(o)). Here, 
the notation embr, 5 (/z) stands for “/x embracing S”. Obviously, we have to make sure 
that 0 converges in an appropriate way. For our purpose, we consider “pointwise 
T-adic” convergence in H2.2I In order to ensure this convergence, we require con¬ 
nections to be locally /i- allowable in the sense of Definition ^. 8l Even for T = 0, this 
condition is weaker than the usual upper triangular condition used in the definition 
of classical (uncurved) twisted objects over a dg or Aoo-category, as discussed in 
Example 13.41 

Consider M, N £ Tw(a), / £ Hom 1 (M, N) and g £ Horn 1 (N,M)). In H2.31 
we discuss the possiblility of constructing a “two-sided cone” cone(/, g) = M © N 
endowed with the connection 

3 - f \ 

8cone(f,g) - ^ g 

in Tw(a). In general, the construction of the two-sided cone faces convergence 
issues, but in H2.4I it is used in an effective way to remove curvature. Precisely, 
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if the curvature cm of an object M £ Tw(a) can be written as cm = r • ^ for 
a regular element r £ R, then we show that cone(^-,r) is uncurved (Proposition 
12.201) . In H2.51 a related construction is given which allows to construct closed 
elements (Proposition 12.221) . 

2.1. Curved .4<*,-categories and twisted objects. In this section we briefly 
recall the notion of twisted objects over a cAoo-category. This notion generalizes 
the classical notion for dg categories from [3], which was generalized to the setup 
of Aoo-categories in [12], to the setup of cAoo-categories. For a more detailed 
treatment we refer to [5j and the references therein. 

Let I? be a commutative ground ring. Throughout, i?-modules will be Z-graded 
.R-modules. Let a be an i?-quiver, i.e. a consists of a set of objects Ob(a) and for 
all A , A' £ Ob(a), an ill-module a(A, A'). The Hochschild object of a is the product 
total I?-module C(o) of the double P-module 

C p,9 (a) = JJ Hom|j(a(Ap_i, A p ) ® R ■ ■ ■ ® R a(A 0 , Ai),a(A 0 , A p )). 

Ao,...,A p £a 

In particular, we have 

c 0 ’* = Yi a(A,A). 

Aea 

An element <j> £ C n (a) is given by </> = (<j> p ) p > o with </) p £ C p,n ~ p (a). The hl-module 
C(a) is endowed with brace operations 

k 

C p ’*(a) 0 (g) C Pi, *(a) —> c p+Pl+ '" +Pfe_fc, *(a) 

2=1 

((/),</>i,...,(j) k ) i—> 4>{(t> i,... 4>k} 

with 

(/){(/) i, • ■ ■ fi k } = ^ <ft(l 0 • • ■ <8> 4>i 0 • • • 0 4>i 0 1 <S> • • • 0 4>n 0 • ■ ■ )• 

The first brace operation is the dot product 

C n, *(a) 0 C m, *(a) —> c" + "* _ll *(a) 

(0, i>) i—» = </>{i/>} = </>( 1 <8i/)) + (j>{ip 0 1). 

The brace operations turn C(a) into a brace algebra, see m 

A cA x -structure on a is an element fi = (yi n ) n >o £ C 2 (a) with /i • ^ = 0. We 
call (a ,/j.) a cA^,-category. The curvature of A £ a is the element 

ca = (mo)a £ a (A, A) 2 . 

An element / £ a(A, A') is called closed if n\{f) = 0. 

Let a be an I?-quiver. A free object over a is a formal expression M = ©j g /E mi A t 
with I an arbitrary index set, A, £ o and in; £ Z. For another free object N = 
®j g jS nj T?j over a, we put 

Horn(M, N) = B 0 ). 

i 

An element / £ Horn l (M, N) is represented by a column finite matrix / = {fji) with 
fji £ a l+n i- mi (Ai,Bj). We denote /(*) = fji e ®ja l+n ^~ mi {Ai, Bj). Free 
objects over a constitute an i?-quiver Free(a) with Free(a)(M, IV) = Hom(M, N). 
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2.2. Completions. Let R be a ring with an ideal T C R, and let R be complete 
for the T-adic topology. Sometimes it is natural to work with completions with 
respect to this topology, or pointwise versions of this topology. We will make 
a part, and as we are dealing with completion we are actually using underlying 
uniform structures [J. Let a be a complete i?-quiver. For M = ©j e /E m, b4j and 
N = ©j 6 /£ ni kb, we endow Free(a ){M,N) with the pointwise T-adic uniformity, 
for which a sequence (/„)„ with f n £ Free(a)(M, N) is Cauchy if and only if for 
every i £ 7, for every a £ N, there is an no £ N such that for all p,q > no we have 
f p {i) — f q (i) £ T a [(BjT, nj ~ mi a(Ai,Bj)]. Let Horn (M,N) = Free(a)(M, N) be the 
corresponding completion. We thus obtain the quiver Free(a). 

Remark 2.1. Note that an even weaker notion of convergence is obtained by allowing 
convergence within every column (Bja l+nj ~ mi (Ai, Bj), considered as a submodule 
of n, a l+n i- mi (Ai : Bj ), to be pointwise as well. Pointwise convergence for direct 
sum modules naturally leads to completions of “decaying functions” as considered 
in [2Tj . 

Now consider the natural extension of an element cj> £ C(a) to C(Free(a)). Con¬ 
sider : Free(a)® fc —> Free (a). By ii-multilinearity, (j> is continuous in each vari¬ 
able, and we obtain a unique extension 

<j >: Free(a)® fe —» Free (a). 

Now consider a sequence (</>„)„ with <j) n £ C fc (Free(a)). We endow C fe (Free(a)) 
with the pointwise uniformity of the codomain Free(a), for which a sequence ( 4> n ) n is 
Cauchy if and only if ( <j> n (fk , • • •, fi))n is Cauchy in Free(a) for every (/ fc ,..., /i) £ 
Free(a)® fc . We endow C(Free(a)) with the product uniformity of the C fc (Free(a)). 
We obtain the completions C fc (Free(a)) and C(Free(a)). We have 

C fc (Free(a)) = Hom^(Free(a)® fe , Free(a)) 

= Hom^(Free(a)® fe , Free(a)) 

= C fc (Free(a)) 

and consequently 

(8) C(Free(a)) = C(Free(a)). 

In particular, C(Free(a)) is a brace algebra 

On the other hand, we can endow Free(a) with the T-adic topology, and consider 
the completion Free r (a), or we can endow C(Free(a)) with the T-adic topology, 
and consider the completion C r (Free(a)). As sets, these completions are equal 
to the ones we have constructed, but our pointwise uniformities allow a weaker 
convergence. 

Lemma 2.2. With notations as above, the canonical continuous maps Free T (a) —► 
Free(a) and C T (Free(a)) —»• C(Free(a)) are bijective. 

Example 2.3. Take 0 = T C R. A cauchy sequence {f n ) n in Free(a)(M,IV) is 
columnwise stationary. Hence, it converges pointwise to the column-finite matrix 
of stable columns. Thus, Free(a) is complete and by (©, so is C(Free(a)). 

Example 2.4. Take R = fc[[i]] and T = (t) C R. Let ao be a fc-linear quiver and put 
a = ao[[t|]u We have Free(a) = Free(ao)[[t]] and C(Free(a)) = C(Free(ao))[[£]]. 

Definition 2.5. Let a be a quiver and consider <f>,6 ,i/jG C(Free(a)). 

(1) We say that S is <j>-allowable if the series J] ra eN is convergent. In 

this case we denote the limit by embr,s(0). 
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( 2 ) We say that (6, ip) is 0 - allowable if the series XXeN Ep=o 0{<5® p }{0® n p } 
is convergent (after renumbering, i.e without brackets). 

Remark 2.6. As explained in |13l §3.2], allowability can be equivalently expressed 
in terms of convergence of “EnGN^®"” f° r an induced “weak” topology on the bar 
construction of the Hochschild complex, and the notion is inspired by the treatment 
in [5]. It also bears some resemblance to the definition of complete bar resolution 
from pUj . 

Lemma 2.7. Consider 0 £ C(Free(a)) and 6, ip £ C 0 , *(Free(a)) and suppose (5,ip) 
is (p-allowable. 

(1) {ip, 5), S, ip and 5 + ip are (p-allowable. 

( 2 ) ip is embis{(p)-allowable and embr^,(embr, 5 ( 0 )) = embr^^ {<p). 

Proof. (1) ^-allowability of 6 and ip readily follows. Since 5,ip £ C 0 , *(Free(a)), 
we have 0{(<5 + ip)® n } = XX=o 0{£® p }{V ,0m_p }, whence 0-allowablility of <5 + 
ip also follows. ( 2 ) We have XX embr,y( 0 ){' 0 ® fe } = XX(XX 4>{S® k }){ip® n } = 
E, l Efc( < H ( 5 ® fe }{V’ 0n })- Convergence of this series (in n) easily follows from <p- 
allowability of {6, ip). □ 

We are mainly interested in the case where (p £ C(a) and 5,ip £ C°’*(Free(a)). 
In this setup, we have the following building blocks of allowable elements. 

Definition 2.8. Consider $ C C(a), M = ©j e /£ ni Aj £ Free(a) and 5,ip £ 
Hom(M, M). We say that 

(i) S is locally <h- allowable 

(ii) (6, ip) is locally $- allowable 

if for every a £ N and i £ I, there is an too £ N such that for every cp £ <f>, 
for every j £ I, for every collection of objects B 0 , ..., B n , Co, ■ ■., Ci £ a with 
B n = At and Co = Aj, for every (b n ,... ,b ± ) £ a(B„_i, B n ) <g> • • • <g) a(-B 0 , B x ) and 
{ci ,... ,ci) £ a(Ci-i,Ci) <8> • - - <8> a(Co,Ci), we have 

(i) for every to > too, the expression 

(9) E 0(q • • • & Ci & fijkm —i & • • • ^kd+ikd ® $k\i ® & ' * ' & ^l) 

km— 1 1 • ■ • ?^1 

is in T a a{B 0 ,C t ). 

(ii) for every p, q with p + q = m > too, the expression 

(10) ^2 <p(ci ® ••• 0 ci ® ®b n ® <8» 6r) 

km — 1 ,---,ki 

is in T a a{Bo, Ci), where the sum is taken over all expressions with p of the 
5 Si equal to S and q of the 5 Si equal to ip. 

For <f> = {0}, we simply say locally 0-nilpotent instead of locally 'h-nilpotent. 

Lemma 2.9. If {§, cp) is locally $>-nilpotent, then S, ip and S + ip are locally $- 
nilpotent. 

Lemma 2.10. If S is locally <h- allowable, and ip £ T 1 Hom(M, M), then {6, ip) is 
locally $- allowable. 

Proof. Take a £ N and i £ I. Since 6 is locally ^-allowable, we obtain too £ N as in 
Definition 12.81 Put TOi = amo and consider p + q > m\. If q > a, then expression 
(fllil) is in T a a and we are done. If q < a, then expression (flOl) contains at least too 
consecutive entries 6 Si . Hence, by <!>-allowability of S, expression m is in T a a as 
well. □ 
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Example 2.11. Put 0 = T C R. Consider M = ®jg/E ni Ai G Free(a) and <5 G 
Horn(M, M). We say that 8 is upper triangular (called “intrinsically locally nilpo- 
tent” in [5]) if there is an too G N such that every sequence (8jk m _ 1 ,..., 5k d+1 k d ,..., 8^ 
of length m > mo contains an zero element. Obviously, if 5 is upper triangular, 
it is locally C(a)-allowable. If 8 corresponds to an upper triangular n x n matrix, 
then 8 is upper triangular by taking mo = n for every i G I. 

Example 2.12. Consider M = ©^g/E" 4 ^ G Free(a) and 8, ip G Horn(M, M). If for 
<!> C C(a), for every a G N, there exists no G N such that for all <p G $, we have 
(p n G T Q C(a) for n > no, then (6, ip) is locally ^-allowable, by choosing too = no 
for every i G I. 

Proposition 2.13. Consider <p G C(a), 6, ip G C 0, *(Free(a)). Suppose for every 
M G Free(a), 8m G Horn (M,M) is locally (p-allowable (resp. ( 8m,iPm) is locally 
<p-allowable). Then 8 is (p-allowable (resp. (8, ip) is (p-allowable). 

Proof. We prove (1). We check convergence of ]T) J!gN <P{8® n }- It suffices to look 
at a collection of objects M 0 ,...,M n G Free(a) with Mi = ®keK i 'S‘ Pk Bk, f = 
f n © ■ ■ ■ <8> fi G Hom(M„_i, M n ) ® • Cg> Hom(M 0 , Mi) and k G K 0 and a G N. We 
have to show that for some r 0 , for r > ro, ((p{8® r }(f))ik G T a a for all l G K m - 
For 8o = 8m 0 G Hom(M 0 ,M 0 ) and the given k G Kq, let too = itIq“ G N 
be obtained from Definition da Let J\ C I< 1 consist of all l G K i for which 
there exists a sequence (k m = l, fc m -i,..., ko = fc) with m < mo such that 
, (<5o)fc m _ifc m _2 j • • ■ i (^o)feife) contains only non-zero elements. The set Ji 
is finite. For <5i = 8m^ G Hom(Mi,Mi) and k G Ji, let be obtained from 
Definition ^. 81 Put TOi = maxfcgjj to*. Proceeding in the same way, we inductively 
obtain finite sets Ji C Ki and to* G N for all 0 < i < n. Put ro = ^”_o rn i- Now 
for r > ro, 4>{8® r }(f) is a sum of expressions 

(11) tpdSnf^Jn, ■ ■ • , fi+1, (8i)® U , fi, ...,/!, (<5 0 )® tO ) 

with f 7 ; = r > ro and hence ti > to^ for some i. By construction, the Zfc-entry 

of (fill) is obtained as a finite sum of expressions of the form ([9]) , taking <5 = S t . 
Hence, this entry is in T a a as desired. □ 

Let (a, n) be a cA^ -category. For an object M G Free(a), we consider the set 
Am C Hom 1 (M, M) of locally /i-allowable elements 8m & Hom 1 (M, M), and we 

consider the completion Am Q Horn (M, M). Elements of Horn (M, M) are called 
connections on M and elements of Am are called locally fi-allowable connections. 
We now define the quiver Free^(a) with 

Ob(Free A (a)) = {(M,8 m ) I M G Free(a),<5 M G A M } 

and Free A (a)((M, 8m), (N,8n)) = Fr ee(a)(M, N). For convenience, we continue to 
denote objects in Free A (a) by M, N ,.... An element (p G C(a) is trivially extended 
to an element (p G C(Free A (a)) by mimicking matrix multiplication. Clearly the 
results we obtained so far in this section do not depend on the duplication of objects 
in going from Free(a) to Free A (a), and can readily be stated for Free A (a) instead. 
Finally, we define the quiver of twisted objects over a as 

Tw(a) = Free A (a) 

with Ob(Tw(a)) = Ob(Free A (a) and Tw(a)(M, N) = Free(a)(M, IV). This quiver is 
endowed with a canonical element 8 G C°- 1 (Tw(a)) with 8(m,s m ) = Aid 

In the sequel, we often pretend that connections on M are in Hom(M, M) rather 
than in Horn (M,M). It is easily seen that all the claims we make can actually be 
extended to the more general connections in Horn (M,M) by continuity. Further, 
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the connections which will be most important to uss later on, are connections in 
Hom(M, M). 

Proposition 2.14. There is a cA^-structure on Tw(a) given by 

(12) embr^/t) = n + /x{<5} + A 4 {A +-F A 4 !^®”} + • • ■ 

For ( M,8m ) G Tw(a), the curvature of M is the element 

(13) cm = (embr^(/i)o)M = (a 4 o)m + hi {5m) + A*2 {5 m > 5m) + ■ • • + A L n{5f)p ) + ... 

Proof. Convergence of embra(//) follows from Proposition 12.131 A computation 
reveals that embrA//) • embra(/z) = embra(// • //) whence embra(//) defines a cA 00 - 
structure onTw(a). □ 

Consider a small full subcategory b C Tw(a) (endowed with the induced cA^- 
structure). There is a natural fully faithful morphism of quivers 

<p : Free(b) —► Free(a) : ®< 6 jE"‘(ffi ieJl E"*/4y) »—► ®ieijeJ^ ni+mj Aj- 

Consider a collection of objects (Bi = @j e j i T m iA t j , 5 Bi ) G Tw(o). For N = 
©j e /E ni 13, G Free(b), we can endow the image <p{N) with the block diagonal con¬ 
nection 

0 0 \ 

0 {-l) ni 6 Bi 0 

0 0 .../ 

for which we have (ip(N), <5®) G Tw(a). 

Example 2.15. Every object M = (BjejT m > Aj in Tw(a) has an n-shift TPM = 
®j 6 jE m 3 +n Aj inTw(a) and every collection of objects Mi = (Bj^j i T rnj A^ G Tw(a) 
has a direct sum ©*€/ ©ieJi A{j G Tw(a). 

Now suppose we have (N = ©jg/E™ 4 !^, i/jn) G Tw(b). Then we obtain another 
connection 

<p{4>n) G Hom 1 (</>(iV),<p(IV')). 

Let Tv\/(b) C Tw(b) be the full cAoo-subcategory of twisted objects {N,ip]y) for 
which (5^,ip(ipN)) is locally //-allowable. 

Proposition 2.16. The natural morphism of quivers 

ip : Tw'(b) —> Tw(o) : (N = © ie /E ni Bi,ip N ) i—> {p{N),5® + </>(Av)) 

is an embedding ofT\i\i'(b) as a fully faithful cA^-subcategory o/Tw(a) (with induced 
cAoo - structure). 

Proof. If (5®, <p(i(>n)) is locally //-allowable, we have {tp{N),5® + <p{iPn)) G Tw(a). 
Denoting connections in Tw(a) by 6, and connections in Tw(b) by ip, the cA a0 - 
structure on (subcategories of) Tw(a) is given by embra(//) and the cAoo-structure 
on (subcategories of) Tw(b) is given by embr,/(embra (//)). Here embra(/t) is to 
be interpreted as the natural extension of embra(//) on b to Tw(b). Using ip, this 
structure translates into embra ffi (//), and embr^,(embra(/t)) translates into 

embr^,^) (embr a @ (//)). 

By Lemma [2771 the latter structure equals embra e+v (,/)(/z), which is the restriction 
of embra(//) to the image of tp. □ 

Example 2.17. Consider (M, 5m), {N, 5n) G Tw(a) and / G Hom 1 (M, N). On 
M © N, consider the connections 
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The couple (6®,5f) is localy /r-nilpotent. Indeed, for given i £ I (assocated to 
M © N) and a £ N, let mo be such that for to > too, expression Q is in T a a for 
S@. Take m' 0 = too + 2. As soon as a term in expression m contains at least 
2 factors coining from S /, the term vanishes. We thus obtain cone(/) = M ® N 
endowed with the connection 

''Sm / 


e(/) 


0 5n 


in Tw(o). Put b = [M, N} C Tw(a), endowed with cA^-structure ry = embr s(/i). 

'0 /' 


In Tw(b), we consider cone l] (/) = M © N endowed with connection iff = 
We have ip(coneb(f)) = cone(f). The curvature of conef,(/) is 

'Mm Vi (f)\ 


0 0 


C = (tio)m®n + m&f) = 


0 (vo)nJ ' 


According to Proposition 12.161 the curvature of cone(/) £ Tw(a) is 

<p( C )=( CM emhTs ^)(f)\ 

Remark 2.18. Let Tw(a)oo Q Tw(a) be the full subcategory of uncurved objects, i.e. 
objects M with cm = 0. By Examples l2.15l and l2.17l the category 17 0 (Tw(a) oo ) nat¬ 
urally becomes a triangulated category. Suitable subcategories of Tw(a)oo can be 
used to model familiar triangulated categories. For instance, for an Aoo-category 
a and T = 0, the full subcategory Tw„ t (a)oo of uncurved upper triangular ob¬ 
jects in the sense of Example 12.111 models the derived category of a, that is, 
Lf 0 (Tw ut (a)oo) = D(a) (see also [13], [3]). 

2.3. Two-sided cones. Let (a, /t) be a cAoo-category. In this section, we discuss 
a cone-like construction in Tw(a). A similar construction was considered in [Tlj in 
the context of cdg algebras and modules. Consider (. M,6m ), (N,Sn) G Tw(a) and 
/ £ Hom 1 (Af, N), g £ Hom 1 (A r , M ). On M © N, consider the connections 


<5m — 


$M 

0 


0 

Sn 


$f,9 ~ 


If (5®,6f, g ) is locally p-nilpotent, we dehne the twisted object con e(f,g) = M($N 
endowed with the connection 

/ 


°con e(f,g) 


9 Sn 


in Tw(a). 

Let us investigate when is locally /r-nilpotent. In order to evaluate 

expression (fTUl) . we look at sequences 

( 14 ) (5^,6 Lg ,S^-\6 Lg ,...,S f , g ,S^), 

where stands for k consecutive entries (5® in the sequence. Letting M corre¬ 
spond to 0 and N to 1, we systematically look at the four blocks 00, 01, 10 and 11 
for elements in Hom(Af © N, Mffi N). For a sequence (s p , s p _i,..., Si) like (flTl) . we 
are interested in sequences {(s p )k p k p -!, (s P -i)fe p _ ll fe p _ 2 , ■ ■ •, (siW.fco) for k i e {°> 1}> 
which do not contain zero blocks. For the only such sequences are 

( 15 ) 

and the variants starting and or ending with a power of Sn- 


Proposition 2.19. Suppose for a £ N, there is an mo £ N such that p p (h p ,..., h\) £ 
T a a as soon as there are to® different indices i for which hi = g. Then (S^,Sf t9 ) is 
locally p-allowable. In particular, if g £ T 1 a, then (5®,<5/ iff ) is locally p-allowable. 
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Proof. Using m, his is proven in a similar way as Proposition 12.131 □ 


Suppose (5®,6f t g) is locally ^-allowable. Put b = {M, N} C Tw(o), endowed 
with cAoo-structure 77 = embr^(/u). In Tw(b), we consider conep(/, < 7 ) = M © N 

'0 


9 0 


endowed with connection = 

The curvature of conei ,(f,g) is c = X) n eN ? ?n('0/ g)- We have 

V(/,Sb ■•■,5) 0 

Vn{g, 


. We have (p(cone b (f, g)) = con e(f,g). 


(16) 


VnW?; g ) = 


0 


< i7 > ’"<«>= 


Vn(f,9, ■■•,/) 
0 


In particular, 
(18) 

We thus obtain: 


= ( (% 0 )M ( 770 V 


n even, 


odd. 


({vo)m 0 \ / 0 vi(f)\ 9) 0 \ 

V 0 Mn) + \m{g) o ) \ o m(g,f)J 

( 0 V3(f,g,f)\ ,(m(f,g,f,g) o \ , 

\V3(g,f,g) ° ) V 0 V4(g,f,g,f)J 

( Mm + m(f,g) + V4,(f,g,f,g) + ■■■ m (/) + %(/, a,/) + ■■■ 

V m(g) + V3{gJ,g) + ■■■ Mn + m{g,f) + m(g,f, g, /) + ••■ 


According to Proposition ^. 161 the curvature of cone(/) £ Tw(a) is <p(c). For g = 0, 
we recover Example 12.171 

The condition imposed in Proposition 12.191 in order to obtain local 71 -allowablity 
of (6®,6f ig ) is quite restrictive in general. For instance in case M = N, then for 
g £ Hom 1 (M, M), it is not sufficient that g is upper triangular in order to fulfil this 
property. On the other hand, if g is such that for certain no £ N we have p n = 0 
for n > no, then every g £ Horn 1 (M,N) satisfies the condition. 


2.4. Removing curvature. Next we describe a procedure for building uncurved 
objects starting from curved objects, based upon 12.31 

Let (a, /i) be a small R-linear cAoo-category. A strict unit for A £ a is an element 
1 a £ a 0 (A, A) with 
(Ul) /zi(l A ) = 0; 

(U2) /i 2 (l a, a) = a and /z 2 (1a, b) = b ; 

(Un) g n (a n - 1 ,..., 1a, • • •, di) = 0 

for all n > 3 and for all a, b, a \,..., a„_i £ a for which the expressions make sense. 
We call a strictly unital if every object A £ a has a strict unit 1 a- Consider 
(Tw(a),77 = embra(/x)). If a is strictly unital, then so is Tw(o) and the strict unit 
1 m for (M = © ie /E ni Ai, 5m) corresponds to the diagonal matrix with (1 m)u = 
1 At £ a°(Aj, Af) (see for instance [5j). 

Now suppose a is strictly unital and consider (M,Sm) £ Tw(a). Suppose cm = 
(Vo)m is divisible by a certain element r £ R, i.e. there exists an element — £ 
Hom 2 (M, M) with r^ff = cm- Consider M r = M © E _1 Af and 

S Mr = ( {*? f)e Horn \M r ,M r ). 

\-r 1m -OmJ 

Proposition 2.20. (1) On M r , (S®,SM r — <!>©) is locally g-nilpotent and we 

have ( M r ,5 Mr ) = cone(^,rlM) £ Tw(a). 
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(2) We have 

CM r = o 4=> 771 (—) = 0. 

r 

(3) The condition that = 0 is fulfilled if r is regular with respect to the 

R-module Hom 3 (M, M), i.e. if for m £ Hom 3 (Af, M) we have that rm = 0 
implies m = 0. In particular it is fulfilled if r £ R is a regular element and 
Hom 3 (M, M) is a flat R-module, and it is always fulfilled for r = 1 £ R. 


Proof. Clearly, g = — rljvr satisfies the condition in Proposition 12.191 bv (Un) for 
n > 3 (take mo = 3). This already shows (1). Put b = {M} C Tw(a) with the 
cAoo-structure 77 = embr^/i). Consider N = M © E _1 M £ Tw(b) with 


IpN 


( 0 ^ 

\~ r 1m 0 


Then under the map ip from Proposition 12.161 we have p(N,5]\r) = ( M r ,SM r )• Let 
77 denote the cAoo-structure on b, with (jio)m = Cm- Put c n = rfnfij)® 11 ). By 
Proposition ^. 161 it suffices to show for c = embr^, N ( 77)0 = Cn c = 0- We 

compute c using m and 113 . By (Un), c n = 0 for n > 3. Further, we have 


co = 


using (Ul), we have 


ci = 


0 


cm 0 

0 cm) ’ 


_ (0 vim 


-7-7?i(1m) 0 


0 0 


and using (U2) we have 

"-7-772 (2M, 1 M ) 


C 2 = 


0 


—7-772 ( 1 m , ^ jf ) 


_ r £M. 0 

0 r —r— I 


By definition of we thus have Co + C 2 = 0 and c = Ci, proving (2). 
For part (3) of the claim, we first note that 


771 (cm) = 77 i((? 7 o)m) = ((t? • 77 ) 0 )m = 0 


since 77 is a cAoo-structure. So 

0 = 771 (c M ) = 7?i(t-—) = 7-771 (——-) £ Horn 
r r 

If r is regular with respect to Hom 3 (M, M), it follows that 771 (—) = 0, which 
finishes the proof. □ 


2.5. Constructing closed morphisms. The construction in 1 12.41 has a parallel 
story for morphisms of cAoo-category, which will be used later on in 43.31 Let a 
be a small, strictly nnital i?-linear cAoo-category and consider ( M,Sm ), (N,Sn) £ 
(Tw(a ),?7 = embr^Ti)) and / £ Hom(M,TV). Suppose Cm, cn and 171 (/) are di¬ 
visible by r £ R and consider the resulting objects ( M ri SM r ), (W,^Ar r ) £ Tw(o). 
Consider the morphism 

fr = ( q _ r ^. J S Hom(M r , N r ). 

Lemma 2.21. There is a canonical isomorphism cr £ Hom(cone(/ r ), cone(/) r ) 
given by the permutation of the middle two factors 

cr £ Hom(iV © E _1 fV © E M © M, N © EM © E _1 7V © M) 
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fitting into an 772 - commutative diagram 

M r = M © S ~ X M ■ 




N r = N (B E~ 1 N 


4S ~ X N 


cone(fr) =a con e(f) r 
Proof. This is a direct verification. 


-4 E 1 cone(/). 


□ 


Proposition 2.22. Suppose r is regular with respect to the R-modules Hom(M, M), 
Hom(.ZV, N) and Hom(M, N). Then Cm t = 0, c/v r = 0, rji(f r ) — 0 and c cone (/) r = 0. 


Proof. By proposition 12.201 we have Cm t = 0, Cn t = 0 and by Lemma 12.211 and 
Example 12.171 we have 


^cone(/) r 


c con e(/ r ) 


CM r Vlifr) 

0 


CN r 


Hence, it suffices to show that c cone (^ r ) = 0 . Now let b = {M, N} C Tw(a) be 
endowed with 77 = embr^/i) and consider M r ,N r € Tw(b). Further, let b r = 
{M r ,N r } C Tw(b) be endowed with embr^) and consider cone(/ r ) £ Tw(b r ). We 
thus have 

_(c Mr embis(v)i(fr) 

Ccone(fr) - ^ 0 CNr 

Since cm t = 0 and cjv r = 0, it remains to prove that embvg(r])i(f r ) = 0. We 
calculate 

ft m(f) \ 

embrs(77)1 (fr) = Vi (( J Q Jff J ) 


0 


/ 


Vi (/) 


/ 


Vi (f) 


+ ’ h{ {-rl N oJdi + 0 -/ 

+ 113 (8 N, Sn, fr) + 773 fr, §m) + V3 {fr, $M, 5 m) 

_ A?i(/) Vii^P-)' 


—r 1 


M 


0 ~7?1 (/) 

o - m (^-f)\ mU, c -f) 

-rf -r 2 ^ ) \ r f 0 

where all terms involving r]k with k > 3 vanish since 77 is strictly unital. The 
resulting matrix only features a possibly non-zero upper right entry given by 

sViif) \ . ,(vo)n n . lf (%)m, 

7 = 771 (-) + 772C-, /) + 772 (/,-)• 

r r r 

Now we know that 

0 = (77 •ri)i(f) = t?i(??i(/)) + 77 2 ((77o)a,/) + t? 2 (/, (??o)m)- 


Since clearly ry = (77 • 77 )i(/) = 0, by regularity of r we conclude that 7 = 0 as 
desired. □ 
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3. Deformations of twisted objects 

Let k be a commutative ground ring. We apply the results of *12.41 to formal 
deformations (R = fc[[f]]) in 1 13.11 The more subtle case of n-th order infinitesimal 
deformations ( R = k\t]/t n+1 ) is treated in 1 13.21 More precisely, in both cases we 
describe constructions of uncurved deformations of twisted objects relative to a 
cyloo-deformation of an Aoo-category. In the infinitesimal case, in order for our 
approach to work, the deformation of the original category is of one degree higher 
than the uncurved twisted object we construct. This throws some light on how the 
formal construction can be viewed as a t-adic limit of the infinitesimal constructions. 
In H3.31 we investigate the derived interpretation of our constructions, in the special 
case where the original deformation is itself rather than cA^. Finally, we briefly 
discuss the case of linear deformations (of which classical algebra deformations are 
a special case) in a 

3.1. Formal deformations. Let do be a small /c-quiver. Put a = fc[[t]]®fedo = 
ao [ [f] ]. The complex C (do) [ [t] ] inherits a natural brace algebra structure from C (do), 
for which the canonical map 

C(d 0 )[[t]] * C(d 0 [[t]]) 

becomes an isomorphism of brace algebras. Using this isomorphism, we write a 
cAoo-structure /i on a = do[[t]] as 

fx = n {0) + + fj, ( 2 ) t 2 H-b n (n h n + ... 

for /x^ £ C 2 (do). Hence, the condition /i • /i = 0 translates into relations between 
the of which the first relation is fx^ • n = 0. 

For M,N £ Free(d), we have 

Hom(M, N) = Homo(M, iV)[[t]] 
and we write a connection on M £ Free(n) as 

S = 5 (0) + 5 {1) t + d (2) f 2 + • • • + S (n) t n + ... 

for <5fU £ HomJ(M, M). Hence, uncurvedness of S translates into relations between 
the fx^ and 5^ l \ of which the first relation is embryo) (//°f) = 0. 

Now consider M £ Free(do) and connections 5, ip £ HornJ(M, M) [[<]]. Consider 
6(°\ip(°) £ Horno(M,M) C Horn l(M,M)[[t]\. 

Lemma 3.1. (1) If for all n £ N, d*- 0 -* (resp. (S^°\ip^)) is locally 

allowable for the discrete topology, then S (resp. (6, ip) ) is locally p-allowable 
for the t-adic topology. 

(2) Put $ = If (resp. (6^°\ip^)) is locally ^-allowable for the 

discrete topology, then 5 ^ (resp. (6 < '°\ip^°' > )) is locally ii-allowable for the 
discrete topology. 

Proof. We prove the statement concerning S in (1). Consider expression ([9]) for 
cp = /x = n This expression is equal to 

(19) 

fcEN km —i 

Let no be given as in Definition 1 2.8 1 Consider the elements i kd £ ao(Ak d , Ak d+1 ) 

as wel as 6- 0 ' 1 £ do(Hj_i,Hj) and c- 0 ^ £ do(C'j_i, Cf). For every k £ N, by assump¬ 
tion there is an mo,k £ N such that 

( 20 ) Y, 


, ® • S k] + 1 k d ■ ■ • ® C ® b n ] ® ® b[ 0) ) 
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is equal to zero for every m > mo,k- Expression (1TT)1) is equal to V k with 


Vk 


E 


E 


fc m _i,...fci y-fc+Eri m_M 


Kl,...,K n +m+l k m -i,...ki 


and equal to 


/i (fc)( c («n +m+! ) 


„(«n 




>* +l) 


®6^ b) 




Put too = no ■ max{mo,fc |0 < fc < no}. For to > too, in we have 

either at least too,* consecutive entries coming from or else we have at least 
no entries in total coming from 5^ with k > 1. Hence, for k < no, yk is a sum 
of expressions of type (1201) with are zero by the definition of too,a,, and expressions 
which are in ( t n °). For k > no, we also have yk G ( t n °). This finishes the proof. □ 


Put $ = {/iW} n£N . Consider (M,S^) G Tw(ao) and suppose is $- 
allowable. We consider G Hornas a connection on M G Free(a) and 
by Lemma IXT1 we obtain (M, 5^) G Tw(o). We calculate the curvature 

oo oo oo 

c M = embr J(0 ) (y) = ^E ^ n) (6 {0) ® h )t n ) = ^ c^f™ 

fc =0 n =0 n =0 

for 

OO 

/ c —0 

Now suppose = 0, i.e. (M, 5^°^) is an uncurved object in Tw(ao). Then we have 

OO 

Cm n Cm \ ' (rs+l), n 

cm = t— for — = 2^ c m t ■ 

n —0 

Put M t = M © S _1 M G Free(a) endowed with the connection 
&M t = ( _#(o)J G Hom 1 (M t , Mt) 

and consider the associated connection 

^! = ( <5 o° ) jfoj) GHomJ(M t ,M t ). 

By definition, #M t is an a-defomation of . Since t is regular with respect to 
Hom 0 (M, M)[[t]], Proposition 12.201 yields: 

Proposition 3.2. Consider an uncurved object (M,6^) G Tw(ao) such that 
is $- allowable. We obtain uncurved objects 

M t = (M © S _1 M, S Mt ) = con e(-^-,—t) G Tw(o) 

and 

M'=(M@ S~ 1 M, = cone(c^) G Tw(a 0 ). 


The result applies to the objects in the subcategory Tw„ t (ao)oo Q Tw(ao) of uncurved 
upper triangular objects in the sense of Exam,vle \2. 1 11 In particular, If ao is an Aoo- 
category, the result applies to the objects A G ao (endowed with the zero connection). 
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3.2. Infinitesimal deformations. Let cio be a small fc-quiver. Put a = k[t]/t n+1 ®k 
cio [t\/t n+1 . In analogy with the formal case from H3.ll we obtain a brace algebra 
isomorphism 

C(a 0 )[t]/t" +1 = C(a 0 [t]/t" +1 ) 

and we write a c^oo-structure p on a n = do [t\/t n+1 as 

p = ^°) + i i W t + ^)f + ... + ^) t n 

for £ C 2 (d 0 ). 

For M,N £ Free(d„), we have 

Horn n (M,N) = Homo(M, N)[t]/t n+1 

and we write a connection on M £ Free(a ra ) as 

6 = (5 (0) + 6 {1) t + 5 {2) t 2 + • • • + <5 (n) r 

for 5^ £ HornJ(M, M). 

For M £ Free(do) and connections 6, ip £ Hornwe consider 6^°\ip^ £ 
HomJ (M,M) C Hom*(M, M). In analogy with Lemma Hi. 11 we have: 

Lemma 3.3. If for all 0 < k < n, (resp. (S^°\ip^)) is locally p^ -allowable, 
then (resp. ip^)) is locally p-allowable. 

Consider £ Tw(do) and suppose 6< °) is locally //^-allowable for all 

0 < l < n. We consider 5^ £ Horn„(M, M) as a connection on M £ Free(a„) and 
by Lemma (XU we obtain (M, £ Tw(a„). We calculate the curvature 

OO 71 71 

c M = embr 5(0 ) 0) = = J2^t l 

k =0 1=0 1=0 

for 

OO 

k =0 

Suppose c$ = 0, i.e. (M, 5^) is an uncurved object in Tw(do). Then we have 

n— 1 

c M =t C f for 

1=0 

Put Mt = M © £ _1 M £ Free(d„) endowed with the connection 

(S(°) ^ \ , 

S Mt = y_ t _ J(°)J e H om n {M t ,M t ) 

and consider the associated connection 

^=(^ 0) JjjeHom l(M t ,M t ). 

By definition, Sm ± is an d-defomation of 5^. By Proposition 12. 201 we obtain 
(M t , S Mt ) = cone(— —t) £ Tw(d„) 
deforming the uncurved object 

= cone(c^) £ Tw(do), 

but since t is not regular in fc[f]/t” +1 , we cannot conclude that ( M t ,SM t ) is un¬ 
curved. 
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Example 3.4. The following example from ma Example 3.19] shows that the in¬ 
finitesimal analogue of Proposition 13.21 is false. Let (Aq = k[u,v] = k(u,v)/(uv — 
vu, v 2 ), p^) be the free super commutative graded algebra on generators u in de¬ 
gree 2 and v in degree 3. Let A = (+[e],/Lt) be the first order deformation with 
non-zero contributions p^ = u , = v, p^[\v) = 0. Then ca = ue and we 

can put — = u. Now p\ (ca) = Pi (we) = ve 2 = 0 but p\ (—) = pi(u) = ve ^ 0. 

Now suppose p extends to an n + 1-th order deformation of p^ on a„+i = 

ao [t]/t n + 2 : 

is = /+> + p^t + p^t 2 + ■■■ + p^ +1 h n+1 . 

Consider M = (M,S^) £ Tw(a„+i). We have c^ c m^ f° r 

OO 

= £+«>“>■ 
k= 0 

We have 

n 

c m = for <& +1 V. 

1=0 

Clearly, we can naturally interpret 

n 

£ f = E c M 1) ^eH oi+(M,M). 

1=0 

Proposition 3.5. Suppose p extends to an n + 1-th order deformation p of p(°\ 
Consider an uncurved object (M,5^) £ Tw(ao) such that S^ is p^-allowable for 
0 < l <n + l. We obtain uncurved objects 

M ( „) = (M ®'E~ 1 M,Sm m ) = cone(-^-,-t) £ Tw(a„) 

and 

M’ = (M ® Y,~ 1 M,6m' = <;„)) = cone(c^) £ Tw(a 0 ). 

The result applies to the objects in the subcategory Tw Mt (ao)oo Q Tw(ao) of uncurved 
upper triangular objects in the sense of Examvle \2.11[ In particular, If ao is an A^- 
category, the result applies to the objects A £ ao (endowed with the zero connection). 

Proof. We are to show that the curvature of vanishes. Put fj = emb+ji) = 
Sfcio ?++ and t? = embr d -(^) = J2k =o V^t k - We consider the object 

M t = cone(^y-, - 1 ) £ Tw(a n+ i). 

Clearly, the object M t reduces to M( n ) £ Tw(a„), so it suffices to show that the 
curvature of M t is zero modulo t n+1 . On the one hand, according to Proposition 
12.201 the curvature CM t has the only possibly non-zero component given by: 

n+1 n 

fli(f) = (£+ , t‘)(£+ +1 V) 

k= 0 1=0 

n+1 

= £< £ + > (4r >< 

p— 0 k-\-l=p 
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On the other hand we know that 

n+1 n 

o = ((v» fj) 0 )m = m (cm) = v[ k) t k )(J2 c m +1) ^ +1 ) 

k =0 1=0 

n+1 

= E( E »?”(& + 1 , ))f. 

q=0 k-\-l-\-l=q 

From comparing the coefficients in these two expressions we see that 

= E ^ fc) (4 +1) + n+1 - 

k-\-l=n-\- 1 

which finishes the proof. □ 

3.3. Aoo-deformations. Put R = fe[[t]]. Let (do++ be a small fc-linear A^- 
category and let (a = ao[[£]], /z) be an R -linear Hoc-category deforming do. Consider 
an object (. M,6 (+ G Tw ut (ao)oo- Let 

(M t , S Mt ) = conG Tw(a) 

be the uncurved object obtained form Proposition [321 An uncurved twisted object 
N over an Hoc-category b naturally determines an Hoo-module N over b (b-module 
for short) with N(B) = Horn (B,N) for B G b. See for instance Q2|. We thus 
consider the ao-module M and the a-module M t . Further, the reduction map 
o —► do allows us to view M as an a-module M„. The natural maps 

Hom(H, M t ) = Hom(H, M ) ® Hom(H, E _1 M) —> Homo(H, E _1 M) 

given by projection onto the second factor followed by reduction determine a mor¬ 
phism of a-modules 

9 m : M t —> E _1 M a . 

Proposition 3.6. (1) For every M G Tw ui (no)ooj the morphism 8 m is a quasi¬ 

isomorphism of a-modules. 

(2) If M G D( do) is perfect, the same holds for M t = E ~ 1 M a G D( a). 

(3) The object M t = E ~ 1 M a G D( a) is a derived lift ofcone(c$) G D( do), i.e. 
k <g>fj E _1 M 0 = k M t = cone(c^f). 

Proof. (1) First, we look at the claim for A G a, endowed with the zero connection. 
We thus have A t = H ® E _1 H endowed with 



On the other hand, for —t G Horn 1 (A, E l AI), we have cone(— t) = E 1 A® A 
endowed with 

c _ (o -A 

°cone(-t) I g q I ■ 

Hence, there is a canonical isomorphism H t = cone(— t) given by permuting the 
two factors of the direct sum. It then easily follows that for the induced a-modules, 
A t = Hom(—, H t ) is isomorphic to the cone of 

-t : E -1 a(—, A) —> E _1 a(-,H). 

On the other hand, the exact sequence 

0-» R - ¥ R -> k - ¥ 0 

—t 
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gives rise to an exact sequence of a-modules 

(21) 0- ¥ E-y-, A) E _1 a(—, A) - ¥ E _1 a 0 (—, A) - ¥ 0. 


Consequently, we obtain a quasi-isomorphism of a-modules 

cone(— t) = E _1 a(—, A) © a(—, A) —> E” 1 ao( —, A) 

given by projection onto the first factor followed by reduction. It follows that the 
isomorphic morphism 6 a is a quasi-isomorphism too. 

To finish the proof of (1), it now suffices to show that the objects M in Tw ttt (ao) 
for which 6m is a quasi-isomorphism are closed under taking direct sums and 
cones. First, consider such objects M,N G Tw Mt (ao) and a closed morphism 
/ G Homo(M, IV), and consider / as a (not necessarily closed) morphism / G 
Horn 0 (M, TV). We can extend the diagram from Lemma 12.211 applied to / to a 
diagram of b-modules 


M t = M®Yr x M ■ 

It 

N t = IVdE" 1 ^ ■ 


-A E _1 M 


© E _1 M n 


-/ 

® E ~ 1 N- 


-f 


© E -1 lV a 


cone(/ t ) = a cone(/) t - ¥ E 1 cone(/)- ¥ E 1 cone(/) a , 


where in the middle column we encounter cAoo-modules rather than Aoo-modules. 
Forgetting about the middle column, the horizontal maps from top to bottom are 
precisely 6m , 6 jv and 0 C one(/)- It follows that if 6m and 6n are quasi-isomorphisms, 
the same holds for 0 cone (/). The argument for direct sums is similar. 

(2) From the exact sequences (12T1) . we deduce that the modules ao(— ,A) a are 
perfect a-modules. It readily follows that every perfect ao-module remains perfect 
when considered as an a-module. 

(3) It suffices to show that for the twisted object M t , the corresponding a-module 

Mt is cofibrant over R. By construction, the values Hom(^4,M() are graded free 
over R. Since R is regular, this ensures cofibrancy of the complexes. □ 


Remark 3.7. In the setup of infinitesimal deformations considered in N3.21 analo¬ 
gous results to Proposition 13.61 do not hold. In particular, for a = ao [t]/t n+1 , the 
construction of M t G Tw(a) does not guarantee that the a-module M t is k[t]/t n+1 - 
cohbrant, so it is not necessarily a derived lift. The conclusion that M t is a derived 
lift of cone(c^y) can however be taken if all relevant fc[f]/t rl+1 -modules are (coho- 
mologically) bounded above. 

3.4. Linear deformations. Let ao be a fc-linear category, i.e. ao(A, A') = Oq(A, A') 
and /i*- 0 -* = 1 ^ 2 ^• In this case every i?-linear c^loo-deformation is necessarily an 
I?,-linear category structure /.i on a = i?®*,ao, i.e /.i = fj, 2 , which is a forteri- 
ori uncurved. A twisted object (M = Ai,5m) G Tw(a) can be written as 

M = © n6 z(©ie/ n E"Ai) with 8m determined by the non-zero entries 

i€ Hom 1 (®j e / n E”Ai, ®j e / n+1 E" +1 Ai) = Hom°(©jg/ n At, ffiie/ n+1 Aj). 

Note that by Example 12. 121 every connection actually determines a twisted object. 
The cAoo-structure rj = embi' 5 (/.i) on Tw(a) reduces to 

cm = (vo)m = h(Sm, 5m)', 

Vi = 6-(5n ® 1) + /x(l ® 5 m ); 
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Tl2 = M2- 

Put R = fc[[t]]. For (M,6^) £ Tw(ao), the object 

(M t , S Mt ) = cone(-^-, -t) 

from Proposition ^. 21 has 


( 22 ) 


$M t 


/ 6 ( 0 ) mU (0) A 0) ) \ 

\-t ->) )' 


As in MM we can interpret the twisted objects as modules. Concretely, an object 
N £ Tw(o) has an associated precomplex N of free a-modules, and if N is uncurved, 
then N is an actual complex. Thus, in our situation we obtain the complex M t of 
free a-modules. The fact that M t is a complex amounts to the computation 


m {S t , S t ) = = 0 

which is a special case of the proof of Proposition 13.21 

Put R = k[t]/t n+1 . Under the hypotheses of Proposition 13.51 we once again 
obtain the uncurved object ( M t ,SM t ) £ Tw(a) with the same description of 5m± 
as above in m- Since we no longer have the exact sequences m, the derived 
interpretation of M t as given in Proposition 13.01 1I no longer holds. We end this 
section with some observations which still hold for infinitesimal deformations in the 
specific setup of this section, see Remark 13.71 

Proposition 3.8. (1) If M is bounded (resp. bounded above, resp. bounded 

below), the same holds for M t . 

(2) If M is a bounded complex of finite free a^-modules, then M t is a bounded 
complex of finite free a-modules. 

(3) If M is bounded above, then the object M t £ -D(a) is a derived lift of 
cone(c^) € D(a 0 ), i.e. k M t = k 0h M t = cone(c^). 


4. Torsion derived categories 

Put R = k[[t}}. In this section we introduce the torsion derived category of an 
/?.-cofibrant dg category a in M.ll For us, the torsion derived category is mainly a 
technical tool which allows us to prove our main result Theorem 15.41 in lj5j Putting 
ao = k a, the forgetful functor l : D(ao) —> D( a ) h &s a left adjoint k 0^ — 
and a right adjoint RHom#(fc, —) for which Ker(fc 0^ —) = Iver(RHom/{(fc, —)). 
In contrast with the infinitesimal situation (R = k[t]/t n ), in general this kernel is 
non-zero, so we cannot apply a suitable version of Nakayama’s Lemma. Roughly 
speaking, for our purpose, we force a derived version of Nakayama’s Lemma to hold 
by working with the torsion derived category D tor (a) C D(a), which is equivalent to 
the quotient D(a)/Ker(RHomfl(fc, —)). In H4.21 we prove some basic results, like the 
fact that Dior (a) is compactly generated by the objects l{A) for A £ a (Proposition 
14.121) . and in < j4.31 we introduce the notion of torsion Morita equivalence. 

The results in this section are related to various works on torsion and complete 
derived categories, which have been developed in different contexts and levels of 
generality, see for instance a, 0 , ma, he mi, HE PI - Although we only 
develop a rudimentary torsion side of the story here, it is likely that a richer picture 
including an appropriate version of MGM duality exists in this setting. The details 
of this picture will be investigated elsewhere. 
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4.1. The torsion derived category. Let o be an l?-cofibraiit dg category. The 
external Horn and tensor functors 

— ®.r ^ : Mod(i?) x Mod(a) —> Mod(a) : (X, M) i —> X M 
Hom#(—) : Mod(i?) x Mod(a) —> Mod(a) : (X,M) i —> Horn r(X,M) 
give rise to derived functors 

-®r~: D(R) x D( a) — D(a) : (X, M) \—> X M 

RHom fl (- -) : D(R) x D(a) —> D(a) : (X, M) >—RHom fi (X, M) 
which are balanced, i.e. they can be calculated in either argument. 

Lemma 4.1. Let X £ per (R) be a perfect object and consider M,N £ D(a). We 
have 

X <g>£ RHom a (M, N) = RHorn a (M, X <g>£ X) = RHom a (RHom fi (X, M), N). 
Proof. All three expressions define exact functors in X which agree on X = R. □ 
Consider M £ Mod(a), A £ a and X = R/t n . We have 

Horn R (R/t n , M)‘ l {A) = {a; G M\A) \ t n x = 0} C M\A). 

The natural projection map R/t n —► R/t " _1 induces a morphism 
Hornt Horn n(R/t n , M) 

which corresponds to the natural inclusion between submodules of M. We thus 
obtain the torsion submodule of M, which is 

r(M) = colim n >oHom n(R/t n ,M). 

The torsion functor T : Mod(a) —> Mod(a) is left exact and we obtain its right 
derived functor l?r : D(R) —> D(R ) which satisfies 

RT(M) = colim n > 0 RHom/{(i?/t", M). 

Definition 4.2. Let M £ D( b). 

(1) M is derived torsionfree if M £ Ker(RT). 

(2) M is derived torsion if RHom^M, N) = 0 for all N with RT(N) = 0. 

We thus obtain the full subcategory D tor {a) =_L Ker(/iT) C D(a) of torsion mod¬ 
ules, which we call the torsion derived category. Clearly, Z? tor (a) is a triangulated 
subcategory closed under coproducts. 

For M £ D(a ), there is a canonical morphism ipM '■ RT(M) —> M induced by 
the morphisms RHom n(R/t n ~ 1 , M) —> RHom/{(i?, M) = M. 

Lemma 4.3. For M £ D(a), the morphism RF((Pm) ■ RT(RT(M)) —> RT(M) is 
an isomorphism. 

Lemma 4.4. The following are equivalent for M £ D(a): 

(1) RT(M) = 0; 

(2) RHom fl (l?/r, M) = 0 for all n > 0; 

(3) RHom/{(iZ/t n , M) = 0 for some n > 0; 

(4) RHom fl (fc,M) = 0. 

Proof. This follows from a derived version of Nakayama’s Lemma. □ 

For M = (M, d) £ D(a), put M t n = M © T,~ 1 M with differential 



Clearly, M t n = S 1 con e(t n : M —> Ad). 
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Lemma 4.5. We have 

RHom R {R/t n ,M) = M t » = Y,~ 1 R/t n <g>| M. 

The canonical map M —> R/t n M is given by injection from the second factor 
M = £E -1 M —> TiM t n and the canonical map RHom/e(i?/t", M) —> M is given 
by projection on the first factor M t n —> M. 

Proof. This follows by using the exact sequence 

0-> R —► R -> R/t n -» 0 . 

□ 

Corollary 4.6. The following are equivalent for M £ D(a): 

(1) RT(M) = 0; 

(2) R/t n %rM = 0 for all n > 0; 

(3) R/t n M = 0 for some n > 0; 

(4) k M = 0. 

Proof. This follows from Lemma 14.41 and Lemma 14.51 □ 

Lemma 4.7. Let M,N £ D( a). We have 

RHom a (i?r(M), N) = RHom 0 (colim n > 0 RHomfl(f?/t n , M), N) 

= hm n >oRHom a (RHomfl(i?/f n , M),N ) 

= lim„> 0 RHom a (M, R/t n N) 

Proof. This follows from Lemma 14. II □ 

Lemma 4.8. Let M, N £ D( a). 

(1) RT(M) £ D tor (a). 

(2) M £ D t0 r( a) if and only if ifiM '■ RT(M) —> M is an isomorphism. 

Proof. (1) Consider N £ Ker(iiT). By Lemma T4.71 we have RHom a (i?r(M), N) = 
lim„>oRHom(,(M, R/t n QrN) — 0. (2) If tpM is an isomorphism then M £ D tor (a) 
by (1). Conversely, if M £ D tor (a) then also con e(ipM) € Dtor(a). But by Lemma 
14.31 i?r(cone((/?M)) = 0. Hence con e(ifM) = 0 as desired. (3) For M £ D tor (a) 
we have RHom a (M, TV) = RHom a (I?r(Af), TV) = LA(RHom a (Af, N)) by Lemma 
l 4 ~ 7 l □ 

Consider the Verdier quotient Z?(a)/Ker(i?r). We obtain an induced functor 
RT : D(a)/Ker(i?r) —> D tor (a). 

Proposition 4.9. The composition D tor (a) —> D{a) —> D(a)/Ker(Ra) is an 
equivalence of categories with inverse equivalence given by RT : D(a)/Ker(itT) —> 

P tor (&) ■ 

4.2. Compact objects and generators. Let a be an /T-cofibrant dg category 
and put Oo = k a. The forgetful functor t : D(ao) —> D(a) has a left adjoint 
Lt : D(a) — > D(ciq) and a right adjoint Ra : D(a) — > D(ao) with lLt — k <B>jj — 
and lRo = RHom^(fc, —). According to Lemma H~5l we have 

(23) lRcj = YT x iLt. 

Proposition 4.10. (1) For X £ D(ao), iX £ 74 tor (a). 

(2) If the objects Xi £ Mod(ao) generate D(ao), then the objects iXi £ Mod(a) 
generate D tor {a). 
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Proof. (1) For M £ D(a) we have 

RHom a (tX. M ) = RHom 0o (X, RaM). 

Hence, iX £ D tor (a). (2) If M £ D tor (a) satisfies RHom n (iXj,M) = 0, it follows 
that RoM = 0 since ( Xi)i generates D{ ao). But then RHom a (M, M) = 0 whence 
M = 0. □ 


Lemma 4.11. The functor Ra : D(a) — > D(t lo) preserves coproducts. 

Proof. For a collection of objects Mi £ D(a), consider the comparison map A : 
®iRa{Mi) —> Ra{®iMi) in D(a o). Since l : D(a o) —> D( a) reflects isomor¬ 
phisms, it suffices that i(A) is an isomorphism in D(a). But this is indeed the case 
by m . □ 

Proposition 4.12. (1) The functor l : D(ao) —> D(a) preserves compact 

objects. 

(2) If the objects Xi compactly generate D(a o), then the objects iXi compactly 
generate Dt or (a) inside D(a). 

Proof. (1) follows from Lemma 14.111 and adjunction. (2) follows from (1) and 
Proposition 14. 101 121. □ 

Lemma 4.13. If N £ D(a) is compact and M £ D tor (a), then RHom a (iV, M) £ 

Dtor{R). 

Proof. First we take M = iX for X £ D( do) and N = A £ a. Then RHom a (H, lX) = 
t(X(H)) £ D tor {R). Since A is compact, RHom a (H, —) is triangulated and pre¬ 
serves coproducts. Hence, by Proposition 14. 101 (21. it follows that RHom a (B,M) £ 
Dtor(R) for all M £ D tor { a). The claim follows by a similar reasoning for the first 
argument. □ 


Definition 4.14. An U-linear dg category o is called torsion if D tor { a) = D(a). 

Let a t C Ddg(a) be the full dg subcategory spanned by the objects A t for A £ a. 
Put A! = A ® £ -1 A £ D(a o) and let a' C Dd g ( ao) be the full dg subcategory 
spanned by the objects A' for A € o. 

Proposition 4.15. The R-cofibrant dg category at is torsion and satisfies = 

a'. 

Proof. We have a commutative square 


D( a t ) - >D(a) 



D{a') - fD(a „) 


in which the horizontal maps are the tensor functors induced by the inclusions of 
subcategories a t Q Dd g (a) and a' C Dd g {a o). Now suppose M £ D(a t ) satisfies 
LtM = 0 £ D(a'). Then the image of M in D tor {a ) C D(a) satisfies LtM = 
0 £ D(ao) and hence also RaM = 0. It follows that M = 0. As a consequence, 
D tor (a t ) = D(a t ) as desired. □ 
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4.3. Torsion Morita equivalences. In this section we describe how a derived 
Morita equivalence can be lifted to a derived torsion Morita equivalence under 
deformation. Let a, b be cofibrant i?-linear dg categories and M a cofibrant a-b- 
bimodule (taking values M(B,A ) G Mod(I?)). Put do = k <Sir a, bo = k 0# b, 
M 0 = k® R M. 

We consider the tensor functors 

Mo <8% — ■ D(a o) —► D{b 0 ) : A .—>• M 0 (-, A) 

and 

M< 2>r- ■ D{a) — >D(b) :A> —>M(-,A). 

Definition 4.16. (1) Mq (resp. M) is a Morita bimodule if Mq — (resp. 

M 0^ —) is an equivalence of categories. 

(2) M is a torsion Morita bimodule if M (£)% — induces an equivalence of cate¬ 
gories 

M 0^ - : D tor (a) —» D tor (b). 

The aim of this section is to prove the following: 

Proposition 4.17. If Mq is a Morita bimodule, then M is a torsion Morita bi¬ 
module. 

Proof. By Lemma 11.31 and Proposition 14. 121 21. the category D tor { a) is compactly 
generated by the objects 

A t = S _1 cone(t : A —> A) 

in D(a). The object M(—,A) is cofibrant in D(fo) and satisfies k ®r M(—,A) = 
Mq(—. A). On the other hand 

M(—, A t ) = E _1 cone(t : M(-,A) —> M(-,A)) = M(-,A) t . 

Since M 0 is a Morita bimodule, the objects Mq(—,A) compactly generate D(bo). 
Hence, by Proposition l4.12l 12L the objects M(—,A) t compactly generate D tor (b) 
inside D(b). It remains to show that the morphisms 

A : a(A t ,C t ) —t Horn b (M(-,A t ),M(-,C t )) 

are quasi-isomorphisms for A,C £ a. Put A' = T©£ -1 H, C' = C'©£ _1 C £ D( ao). 
We have k ®r A t = A', k <%)r C t = C', k ®r M(—,A t ) = Mo(—,A'), and using 
lemma I~TTT1 and adjunction, k A is given by the canonical morphism 

A' : a 0 (A', C 1 ) —> Hom bo (Mo(—, A 1 ), M 0 (—, C')). 

By assumption, A' is a quasi-isomorphism. By Lemma 14.131 the domain and 
codomain of A are in D tor {R) and hence the same holds for cone(A). On the 
other hand, k cone(A) = cone(fc A) = cone(A') = 0. Since Ker(l?<7) = 
Ker(RHom^(fc, —)) = Ker(fc —), it follows that cone(A) = 0 and A is a quasi¬ 
isomorphism as desired. □ 

5. The curvature problem 

In this section, we solve the curvature problem for formal deformations of small 
dg categories, that is, the phenomenon that Maurer-Cartan elements in the formal 
Hochschild complex naturally parameterize curved ^oo-deformations rather than 
dg or Apo-deformations. Precisely, we show that for a cohomologically bounded 
above dg category, these Maurer-Cartan elements up to gauge equivalence are in 
bijection with Morita deformations up to torsion Morita equivalence. This result is 
stated in Theorem 15.41 and an infinitesimal counterpart is stated in Theorem 15.61 
The formal result is illustrated by the example of the graded field in 45.31 
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5.1. Transport of cAgo-structures. Put R = &[[£]]. Let ao = (do, /r*- 0 )) be a small 
fc-linear A^-category and put a = R®k&o = do [[£]]. Consider 

MC(A 0 ;fc[[£]]) = {^eSC(A 0 )[[£]] 1 | [ M (0) , &] + # • <f* = 0}/ 

the set of elements <j> of shifted degree 1 for which </>f £ EC (Ao )[[£]] is a solution of 
the Maurer Cartan equation up to gauge equivalence of the elements <j>t. For details 
on the pronilpotent MC formalism, the reader may wish to consult for instance m- 
Let tw(ao) be the classical category of (uncurved, finite) twisted complexes over 
cio- For each (. M,S ff) £ tw(do), let 

Sm = 8$ + Sfrft + ■ ■ ■ + 6$t n + ■ ■ ■ 

be a fixed connection which defines an object (M, 8m) £ Tw(d). We choose 8a = 0 
for A £ do- Let tw(do) C Tw(d) be the full subquiver consisting of the objects 
(. M,Sm) for (M,8frj) £ tw(do). We thus have d C tw(do). 

We have a diagram: 


EC(tw(do))[[£]] -*—> EC(tw(d 0 ))-> EC(tw(do)) 



EC(d 0 )[[t]]---> EC(d)-- EC(do) 


The restriction maps ttq and n' are induced by the inclusion do C tw(do) and ir 
is induced by d C tw(do). 

The maps embryo) and embr^ define Boo-sections of 7To and ir respectively (see 
m, making the resulting right hand square commute. We thus obtain an induced 
.Boo-section sg : EC(do)[[t]] —> EC(tw(do)[[£]] of n'. Now 7r 0 and embryo) are in 
fact inverse Boe-quasi-isomorphims. As a consequence, 

MCV) : MC(tw(do); k[[t}}) —► MC(d 0 ; k[[t]\) 

is a bijection with inverse necessarily given by MC(sa). Hence, every choice 8 
yields a different interpretation of a representative </> £ MC(EC(do)[[f]]) as a cAqo- 
deformation of tw(do), but all these choices correspond to gauge equivalent solutions 
of MC(EC(tw(d 0 )[[£]]). 

5.2. The curvature problem and torsion Morita deformations. Put R = 

k[[t]]. Let do = (do,/u(°)) be a small fc-linear A^-category and let 

MC(-A 0 ;&[[£]]) = {(/)€ EC(A 0 )[[t]] 1 | [m (0) , <t>t] + & •& = 0}/ ~ 
be as before. The natural “curvature” projections 

ca ■ EC(do) —> Edo(A, A) : £ \ —> ca( 0 
give rise to a curvature projection 

c : EC(d 0 )[[£]] —* JJ Ed 0 (A, A)[[t]] : <j> i—> c(<£) = (ca(</>))a 


c A C£c/>( n h n ) = '£c A (<f>W)t n . 

n— 0 n— 0 

An element Y^=o4 > ^t n £ MC (do; k [[£]]) corresponds to a cAoo-structure fi = 
+(j>t = + £~ =0 <t>^t n+1 on d = R®k do, and gauge equivalence of solutions 

corresponds to isomorphism of curved deformations. If 4> is such that c(<j)) = 0, 
then the corresponding cA^-structure /j, = //°' + <j>t is in fact an Age-structure on 


d. 
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The curvature projection c is a morphism of dg Lie algebras for the abelian dg 
Lie structure on the codomain. The kernel of c is given by the shifted truncated 
Hochschild complex EC tr (do)[[t]] which contrails Aoo-deformations of do. 

Although it may be tempting to work with the truncated Hochschild complex 
from the point of view of deformations, this is not a good idea from the point of view 
of invariance properties. Indeed, in contrast with the full Hochschild complex, the 
truncated Hochschild complex is not invariant under Morita equivalence. In fact, 
we may use this observation in order to try to eliminate curvature in the following 
way. Suppose we are given an element (j) G MC(ao; k[[t}]) with c(^) ^ 0, then we 
may look for a Morita equivalent category bo such that the corresponding element 

G MC(bo; k[[t]]) satisfies c(ip) = 0. The remainder of this section is devoted to 
making this idea precise. 

The following construction is crucial. Consider </> G MC(do; fc[[t]]) with cor¬ 
responding cAoo-structure p = + 4>t on a. For every A G do, we consider 

the element ca(4>^) G Sdo(A,A ) 1 and the twisted object A' G tw(do) given by 
A' = A © E^A with 


S A > 


/O c j4 (</> (0) )\ 

1° o )' 


which is cone(cA(</>^)) G tw(do). We also consider the element ca{4>) € Edo(A, A^ft]] 1 
and the twisted object A t G tw(a) given by A t = A © E _1 A with 


*A t = 



0 )■ 


Let dt C tw(d) be the full dg subcategory spanned by the objects A f for A G a and 
let a' C tw(do) be the full subcategory spanned by the objects A! for A G u. 

We obtain a morphism of dg Lie algebras 


embr 5 / : EC(a 0 )[[t]] —» EC(tw(u 0 )[[t]] —> SC(d')[[t]]. 

According to H5.ll the image embr^ ((/>) G MC(a';k[[t]]) corresponds to the A^- 
deformation a f of d'. 

Lemma 5.1. If c A (^ 0) ) G Ea 0 (A,A) 1 is nilpotent in U*Edo(A, A), there is a 
canonical Morita equivalence do = a' with corresponding B^-quasi-isomorphism 
embr^ and bijection MC(embr 5 /) : MC(do; fc[[t]]) — MC(a'; A: [[£]]). Under this bi¬ 
section, the cAqo -deformation a of do corresponds to the A^-deformation a t of a'. 


Proof. Since the elements ca{4> < ' 0 ' 1 ) are nilpotent in the derived category of do, a' is 
canonically Morita equivalent to do by the octahedral axiom (see jTtJj, Proposition 
3.16]). ' □ 


Now that we have found a way to replace curved deformations by uncurved de¬ 
formations (under the nilpotency hypothesis on ca( we should investigate to 
which extent such a replacement is well defined. In order to arrive at the state¬ 
ment in Theorem 15.41 we make use of torsion Morita deformations. For technical 
convenience, in the sequel we suppose do is a dg category. 

Definition 5.2. Let do be a small fc-linear dg category. 

(1) A (torsion) Morita R-deformation of do is given by a fc-linear dg category 
bo, a Morita bo-do-bimodule Mo, and an I?-cofibrant (torsion - in the sense 
of Definition 14. 141) dg category b with bo = k <g© b. 

(2) Let b with bo-do-bimodule M 0 and c with Co-do-bimodule -/V 0 be two Morita 
R deformations of do- A (torsion) Morita equivalence of deformations be¬ 
tween b and c is given by an i?-cofibrant b-c (torsion) Morita bimodule M 
with k ©a M = Nq 1 ®„ 0 M 0 . 
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Let Dcf t Mor(ao; R) be the set of Morita deformations of cio up to torsion Morita 
equivalence of deformations and let Def t tMor(do; R) be the set of torsion Morita 
deformations of ao up to Morita equivalence of deformations. Note that for torsion 
Morita deformations, a torsion Morita equivalence of deformations is the same thing 
as a Morita equivalence of deformations, so we have a natural injection 

00 ■ DcfttMor(Uo, R) t DeftMor(ftOi R) • 

Lemma 5.3. The map @o is a bijection. 

Proof. This follows from Proposition [|J5] □ 

Next we define a map 

0 : Def t Mor(a 0 ; k[[t]]) —MC(a 0 ; k[[t]]) 

in the following way. Consider a Morita R-deformation b with bo-Oo-bimodule Mq. 
The dg structure on b naturally defines an element 0b £ MC(bo; £;[[£]]). The Morita 
bimodule Mo induces a canonical isomorphism 

$ Mo : MC(b 0 ; k[[t]]) —► MC(a 0 ; k[[t}]). 

We define 

0(b,M O ) = $Mo(^). 

Theorem 5.4. (1) We obtain a well defined injection 

0 : Def t Mor(a 0 ; k[[t]]) —* MC(a 0 ; *:[[£]])- 

(2) If 4> = £ ra >o <f>^t n £ MC(ao; fc[[t]]) is such that ca(4 > < -°- > ) € Eao(^4, j^) 1 is 
nilpotent in H*Tjaa(A, A) for every A £ a, then 0 is in the image o/0. 

(3) If H 2 T,ao(A, A) is nilpotent in H*T,ao(A, A) for all A £ a, then 0 is bijec- 
tive. In particular, this is the case if a has bounded above cohomology. 

Proof. (1) The question reduces to the following setup. Consider R-cofibrant dg cat¬ 
egories a and b with a Morita ao-bo-bimodule M 0 . Let 0 a £ MC(do; [[t]]) and 0b £ 
MC(bo; [[£]]) be the corresponding Maurer Cartan elements. Let Co = (bo — >m 0 a ) be 
the arrow category. We have quasi-isomorphisms of Boo-algebras 7r a : EC(co) —> 
EC(ao) and 7Tb : EC(co) —» C(bo) such that a : MC(ao; fe[[£]]) — MC(bo; &[[£]]) is 
induced by 7Tb t” 1 . 

Suppose first that a and b are torsion Morita equivalent through an fi-cofibrant a- 
b-bimodule M with k®B.AI = M 0 . Then the arrow category c = (b -A m o) is an R- 
cofibrant dg category with k<S>RC = Co and determines an element 0 C £ MC(co; k[[t}]) 
with 7r a (0 c ) = 0 O and 7Tb (0 C ) = 0b- It follows that 0 a and 0b correspond through 
a. This proves that 0 is well defined. 

Suppose next that 0 a and 0b correspond through a. Then there exists 0 C £ 
MC(co;&[[£]]) with 7r n (0 c ) = 0 a and n b (cj) c ) = <p b . Let c be the corresponding 
c^oo-deformation of Co- Then Ob(c) = Ob(a)]jOb(b) and the cA^ structure 
reduces to the given dg structures on a and b. In particular, it is an Aoo-structure 
and we obtain an a-b Too-bimodule M with M{B,A ) = c (B,A) for A € a and 
B £ b. Without loss of generality, we may suppose that M is an B-cofibrant a-b 
dg bimodule with k <S>r M = Mq. By Proposition 14.171 M is a torsion Morita 
bimodule. This proves that 0 is injective. 

(2) Let 0 be as in described under (2). Let if = MC(embr5/)(0) be as in Lemma 
I O with associated Aoc-deformation at of a'. Replacing at with a quasi-equivalent 
R-cofibrant dg category at, we arrive at a Morita deformation which gets mapped 
to 0 under 0 by Lemma IQ1 

(3) is immediate from (1) and (2). □ 
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Example 5.5. Let X be a quasi-compact quasi-separated scheme. It was shown in [2j 
that the derived category DQ c h(X) is compactly generated by a single perfect com¬ 
plex M, and thus equivalent to the derived category D(A 0 ) of T 0 = RHom(Af, M). 
The dg algebra A 0 is cohomologically bounded above, whence Theorem 15.41 21 ap¬ 
plies. 

We end this section with a brief discussion of the situation for infinitesimal 
deformations. Roughly speaking, we have that n + 1-th order curved deformations 
give rise to ra-th order uncurved Morita deformations. Let (ao,/r®) be a small 
/c-linear dg category as before For </> = E/E £ £C(ao)[t]/i", we consider 
(ft = El~o 0 {k) t k+1 € SC(ao)[t]/t n+1 . Put 

MC(a 0 ;fc[l]/t n+1 ) = {(j> £ (EC(a 0 )[l]/f") 1 | [/r {0) , (ft] + (ft • (ft = 0}/ ~, 

the set of elements <f for which (ft £ SC(ao)[t]/t n+1 is a solution of the Maurer Car- 
tan equation up to gauge equivalence of the elements (ft. Let DefMor(ao; k[t]/t n+1 ) 
be the set of n-th order Morita deformations of do up to Morita equivalence. We 
obtain a map 

(24) ©« : Def M or(a 0 ; k[t)/t n+1 ) —> MC(a 0 ; k[t]/t n+1 ). 

Theorem 5.6. Suppose do is cohomologically bounded above. 

(1) The map O n is injective. 

(2) If <f £ MC(SC(do)[t]/t n+1 ) is in the image o/MC(EC(do)[t]/t n+2 ), then (f 
is in the image of 0„. 

Proof. This is a variant of the proof of Theorem 15.41 this time based upon Propo¬ 
sition [331 □ 


5.3. The graded held. Let k be a field and let Aq = k[x,x 1 ] be the graded field 
with deg(x) = 2 (see [10]). Put A = To[[t]]. For every n G N, the element 

0(n) = xt n eXAoilt]) 1 CSC 1 ^)!] 

is such that <j>( n )t = xt n+1 is a solution of the Maurer-Cartan equation since A is 
super-commutative. We obviously have 


c (<C)) == 


if n = 0; 
otherwise. 


For rt/0, c (<( , [°)) is thus nilpotent in H*T,Aq = £To and Theorem 15.41 21 applies. 
The Morita deformation of To corresponding to (f^ is obtained as follows. The 
object A! £ tw(To) is given by A! = T©£ _1 T with 5a 1 = 0, and the corresponding 
endomorphism dg algebra End(T') is a matrix algebra (with zero differential). The 
object A t £ tw(T) is given by A t = A © S ~ x A with 


< 5 © 


0 xt n \ 

-t 0 J ' 


The corresponding endomorphism dg algebra End(T t ) is a matrix algebra whose 
differential is given by the super-commutator with SA t ■ 

For n = 0, we have a similar description of A t , but this time A! = A © E -1 T is 
endowed with 

Mo »)’ 

that is A' = cone(x). Since x £ Aq is invertible (with inverse a© 1 ), it is certainly 
not nilpotent so Theorem 1 5. 41 21 does not apply. In fact, cone(a:) is a null-homotopic 
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object in tw(Ao), a null-homotopy being given by 



Consequently, the endomorphism dg algebra End(A') is null-homotopic too, and 
thus quasi-equivalent to the zero category. In particular, A is not Morita equivalent 
to End(A'), and End(A t ) does not constitute a deformation of A in any reasonable 
sense. 

Let us show that the element (f>( o) = x is not in the image of the map 0. 
Suppose on the contrary that it is in the image. We start from the cAoo-deformation 
A = ^4 0 [[^]] endowed with 

(o) . 

m = m 2 + xe 

where m ^ is the multiplication of Aq. Up to quasi-equivalence, every category 
bo Morita-equivalent to A 0 can be realized as a full subcategory of the dg model 
Tw Mt (A 0 ) of the derived category D(A 0 ), and for such bo, a cA^-deformation 
b = bo[[f]] of bo corresponding to a gauge equivalent solution of the Maurer Cartan 
equation is constructed as follows (see For every object G bo C 

Tw 1Jt (A)), there is a connection 

OO 

5 = s {n) t n 

n —0 

for which (M, 5) is uncurved. We thus have 
0 = cm = < 5 (0 - ) ) 

+ 5^) + + x]t 

OO 

n =2 p-\-q=n 

We claim that (M,5^) is null-homotopic. Put 

h = x~ 1 5 ^ € Horn q 1 (M, M). 

We have 

embr 5 ( 0 ) (m^)(h) = + m^\h, S 

= x _1 [m2°^(5^ 0 \ (J 1 ^) + m2°^(<5 (1 \ <5^ 0 ^)] 

= x~ x x = 1. 

As before, it then follows that bo is quasi-equivalent to the zero category, in con¬ 
tradiction with the fact that bo is Morita equivalent to Ao. 

Note that from perturbation theory, it follows that (M, S ) is null-homotopic as 
well, and the only uncurved deformation one can obtain from (subcategories of) 
Tw ut (A 0 ) is a zero category. For a precise discussion in the case of first order 
deformations, see [5]. For other arguments why the only uncurved “deformation” 
of the graded field is the zero category, we refer to m- 
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